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We show that the single-particle spectral properties of gapless one-dimensional Fermi systems in
the Luttinger liquid state reached at intermediate times after an abrupt quench of the two-particle
interaction are highly indicative of the unusual nonequilibrium nature of this state. The line shapes
of the momentum integrated and resolved spectral functions strongly differ from their ground state
as well as finite temperature equilibrium counterparts. Using an energy resolution improved version
of radio-frequency spectroscopy of quasi one-dimensional cold Fermi gases it should be possible to
experimentally identify this nonequilibrium state by its pronounced spectral signatures.
PACS numbers: 71.10.Pm, 02.30.Ik, 03.75.Ss, 05.70.Ln
Closed one-dimensional (1d) Fermi systems are promis-
ing candidates to realize unusual nonequilibrium steady
states. In many 1d out of equilibrium systems integrals
of motion beyond energy conservation hinder that ob-
servables and the reduced density matrix of subsystems
relax to values expected for one of the canonical ensem-
bles. Even for generic models, in which those are ab-
sent, the restricted phase space available for scattering at
least delays thermalization. An intensively studied ques-
tion is under which conditions 1d systems prepared in the
ground state of an initial HamiltonianHi and brought out
of equilibrium by time-evolving them with Hf of similar
form but with changed parameters eventually thermalize
[1–12]. Quench protocols of this type can experimen-
tally be realized in cold atomic gases [13, 14]. Increasing
theoretical evidence was gathered that in an extended
time regime following the after-quench transient one a
quasi stationary state exists which does show nonther-
mal behavior [4, 8, 10, 12, 15]. Here we are interested
in the properties of this intermediate time steady state
regardless if it is the true steady state or if further relax-
ation sets in on a well separated larger time scale [10].
For nongeneric models which are mappable on free ones
the system is stuck in this state for all further times; it
can be described by a generalized Gibbs ensemble (GGE)
[1, 2, 5, 16–21]. If the same holds for more complex mod-
els which cannot directly be linked to noninteracting ones
but are characterized by an infinite set of local conserva-
tion laws is heavily investigated [2, 22–25].
Already in equilibrium 1d metals are peculiar. They
fall into the Luttinger liquid (LL) universality class which
is characterized by power-law decay of correlation func-
tions with interaction dependent exponents [26, 27]. The
Tomonaga-Luttinger model (TLM), a field theoretical
model for which the exact computation of correlation
functions is straightforward using bosonization, consti-
tutes the low-energy fixed point model under a renor-
malization group (RG) procedure of all microscopic mod-
els falling into the LL class [26, 27]. The power-law
decay of the TLM’s ground state lesser Green function
iG<(x, t′) =
〈
ψ†(0, 0)ψ(x, t′)
〉
, with the field operator ψ
in the Heisenberg picture, leads to a power-law nonan-
alyticity of the momentum distribution function n(k) =∫
dxe−ikxiG<(x, 0) for momenta close to the Fermi mo-
mentum kF (instead of a jump by the quasi-particle
weight in Fermi liquids; see Fig. 1(a)). For ω → 0−, that
is close to the chemical potential, the spectral function
ρ<(ω) =
∫
dt′eiωt
′
iG<(0, t′)/(2pi) approaches zero follow-
ing a power law and vanishes for ω > 0 (see Fig. 1(b)).
The line shape of the momentum resolved spectral
function ρ<(k, ω) =
∫
dx
∫
dt′e−i(kx−ωt
′)iG<(x, t′)/(2pi)
strongly differs from the one of a Fermi liquid (see Fig. 2).
In electronic systems ρ<(k, ω) and ρ<(ω) can directly be
measured using photoemission spectroscopy; for a recent
such measurement on a LL see e.g. [28].
Recent studies of microscopic lattice models in their
metallic phase indicate that the intermediate time
nonequilibrium steady state as well as the time evolution
towards it shows LL properties when performing a global
quench of the two-particle interaction. The results ob-
tained for n(k) [8], the Friedel oscillations of the density,
as well as the static density response [15] were consistent
with typical LL power laws derived for the TLM in the
steady state reached after the same type of interaction
quench. Compared to their ground state counterparts
the dependencies of the exponents of static correlation
functions of the TLM on the LL parameter K are mod-
ified [1, 16, 29, 30]. E.g. for a spinless model the densi-
ties’ Friedel oscillations off an inhomogeneity decay with
exponent −K in the interacting ground state but with
−(K2+1)/2 in the steady state for the initial state being
the noninteracting ground state [15]. For weak interac-
tions K = 1 − U/Uc + O(U2), with the amplitude U of
the interaction and a model dependent Uc. Thus both
exponents agree to leading order in U . Furthermore, for
a given experimental system K is usually unknown. It
is therefore rather challenging to distinguish the ground
and the nonequilibrium steady state based on measure-
ments of static correlation functions. We show that the
single-particle spectral properties derived from dynamical
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2intermediate time steady state correlation functions [19]
in contrast significantly differ from their ground state
counterparts. In particular, ρ<(ω) has finite spectral
weight at ω ≥ 0 (see Fig. 1(b)) with a power-law approach
of the nonuniversal constant ρ<(0) from both sides. Even
more strikingly ρ<(k, ω) after the quench shows a promi-
nent peak at positive frequencies when k > kF while the
ground state has vanishing spectral weight for ω ≥ 0
(see Fig. 2(b)). The spectral functions of the intermedi-
ate time steady state can as well easily be distinguished
from finite temperature T spectra (see Figs. 1(b) and 2).
Our results are obtained for the TLM using bosonization
and supported by microscopic lattice model calculations
based on analytical arguments and the numerical density-
matrix RG (DMRG) [31].
Cold Fermi gases confined to 1d provide the most
promising systems to realize the intermediate time
nonequilibrium LL steady state. In such the single-
particle spectral functions can be measured by radio-
frequency spectroscopy [32–34]. After improving the en-
ergy resolution by roughly one order of magnitude it
should be possible to detect the unique spectral features
of the nonequilibrium LL state of correlated matter.
The TLM and bosonization—After linearizing the dis-
persion relation of the spinless 1d Fermi gas around ±kF
its Hamiltonian for a translational invariant chain of
length L can be written in bosonized form as [26, 27]
H =
∑
n>0
[
kn
(
vF +
g(kn)
2pi
)(
b†nbn + b
†
−nb−n
)
+kn
g(kn)
2pi
(
b†−nb
†
n + b−nbn
)]
, (1)
with bosonic ladder operators b
(†)
n associated to the den-
sities of left- and right-moving fermions, the Fermi ve-
locity vF, and kn = 2pin/L, n ∈ Z. For simplicity—
but not affecting our main results—we assume that
the intra- and interbranch two-particle potentials are
equal; g(q) falls off on a scale qc. Employing a Bo-
goliubov transformation Eq. (1) can be written as H =∑
n 6=0 ω(kn)α
†
nαn + Egs with new bosonic ladder oper-
ators α
(†)
n of dispersion ω(k) = vF|k|
√
1 + gˆ(k), where
gˆ = g/(pivF). The ground state |gs〉 is the product
of the vacua with respect to the αn and the ground
state energy Egs = −2
∑
n 6=0 ω(kn)s
2(kn), with s
2(k) =
{[1 + gˆ(k)/2]/√1 + gˆ(k)− 1}/2 [30].
Applying bosonization of the field operator [26, 27]
computing the lesser Green function iG<t (x, t
′) =〈
ψ†(0, 0)ψ(x, t′)
〉
ρ(t)
of the right moving fermions with
the statistical operator ρ(t) obeying the von Neumann
equation is straight forward. The initial conditions con-
sidered are: ρi = |gs〉 〈gs|, leading to the t indepen-
dent ground state Green function, ρi = |gs0〉 〈gs0|, with
the noninteracting ground state |gs0〉 (the vacua prod-
uct of the bn), leading to the t dependent Green func-
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FIG. 1. (Color online) (a) The TL model momentum distri-
bution functions of the ground state, the intermediate time
nonequilibrium steady state following the interaction quench
with gˆ = 2, and the thermal equilibrium state with tempera-
ture T/(vFqc) ≈ 0.2804 for which the average energy is equal
to the one quenched into the system. (b) The corresponding
momentum integrated spectral functions. The smooth fea-
tures at ω/(vFqc) of order 1 are nonuniversal and depend on
the chosen potential. The inset of (b) shows the nonuniversal
2pivFρ
<
ss(0) as a function of the interaction gˆ for the Gaus-
sian potential, an exponential one gˆ(q) = gˆe−|q/qc|, and a box
potential gˆ(q) = gˆΘ(qc − |q|).
tion of the quenched system, and ρi = exp (−H/T )/Z
with the (canonical) partition function Z, leading to
the temperature T equilibrium Green function (t in-
dependent). The time evolution is performed with H
Eq. (1). Up to a momentum sum G<t (x, t
′) can be given
in closed form [35]. In those expressions the thermo-
dynamic limit can be taken. In the quench protocol
the time t can subsequently be sent to infinity. As the
TLM can be written in free bosons the resulting steady
state is the state of our interest. We have explicitly ver-
ified that the corresponding dynamical correlation func-
tion iG<ss(x, t
′) can as well be obtained directly by com-
puting
〈
ψ†(0, 0)ψ(x, t′)
〉
ρGGE
with the GGE density ma-
trix ρGGE = exp (−
∑
n 6=0 λnα
†
nαn)/ZGGE, the Lagrange
multipliers λn fixed such that 〈gs0|Nn |gs0〉 = 〈Nn〉ρGGE
for the conserved eigenmode occupancies Nn = α
†
nαn,
and taking L → ∞ [19]. To obtain n(k) and ρ<(ω) we
numerically perform the momentum integral as well as
the corresponding Fourier integral. We assume gˆ(q) =
gˆe−[(q/qc)
2/2] but note that our conclusions are indepen-
dent of the details of the q dependence as long as g(q =
0) <∞, i.e. the interaction is (sufficiently) short ranged
(screened) in real space. For |k− kF|/qc, |ω|/(vFqc) 1,
analytical results can be derived. To obtain ρ<(k, ω) we
instead resort to an often applied ad hoc procedure in
which ω(k) is replaced by its lowest order expansion vk
3with the renormalized velocity v = vF
√
1 + gˆ(0) and the
momentum integral is regularized in the ultraviolet by
multiplying by e−|q/qc|. The consequences of this approx-
imation [43] are discussed below. Then the q integral can
be performed analytically [35] and the remaining Fourier
integrals numerically.
In Fig. 1(a) we compare the ground state, the steady
state as well as the thermal n(k). In the latter T is chosen
such that the average energy corresponds to the energy
quenched into the system (see also Figs. 1(b) and 2). The
ground and steady states are characterized by power laws
|1/2−n(k)| ∼ (|k−kF |/qc)γ with γgs = (K+K−1−2)/2
[26, 27] and γss = (K
2 + K−2 − 2)/4 [1, 29, 30], respec-
tively, where K−1 =
√
1 + gˆ(0). This holds for γ < 1
and independent of the form of gˆ(q); for γ > 1 [43] as
well as for T > 0 [44, 45] the leading dependence for
k ≈ kF is linear. As the analytical expression of the two
exponents in terms of K differ, one is tempted to con-
clude that measuring n(k) allows to distinguish the LL
ground and the steady states. However, for an experi-
mental system K is usually unknown and measuring a
single exponent does thus not allow to conclude which of
the states is realized. Furthermore, for small interactions
the exponents only differ by a factor of two [30] and even
if K would be known within some bounds from the mea-
surement of another observable distinguishing the two
states would require a very precise determination of an
exponent which is hardly achievable. Similar reasoning
holds for other static correlation functions (see the in-
troduction) [8, 15, 16]. We next show that the spectral
properties are more suitable to distinguish the two states.
In Fig. 1(b) we compare the three ρ<(ω). In the
ground state ρ<gs ∼ [−ω/(vFqc)]γgs [26, 27] (regardless
of the size of γgs [43]; compare to ngs(k)). G
<
gs(0, t
′)
is analytical in the upper-half of the complex t′ plane
thus ρ<gs(ω) vanishes for ω > 0—in equilibrium (T = 0)
only the occupied states are visible in photoemission. As
discussed in [44] for |ω|/(vFqc), T/(vFqc)  1 one finds
ρ<th ≈ (c1ω2 + c2T 2)γgs/2f(ω, T ), with the Fermi func-
tion f and (dimensionful) constants c1/2. For fixed T
and |ω|/T  1 the corrections to the finite weight at
ω = 0 are thus linear in ω. Both, the vanishing of the
weight in the ground state for ω ≥ 0 as well as the lin-
ear behavior close to ω = 0 in thermal equilibrium are
in stark contrast to our results for ρ<ss(ω). As shown in
Fig. 1(b) ρ<ss has weight for all ω and is finite at ω = 0.
The zero frequency weight is nonuniversal; it does not
only depend on gˆ(0) (as K, and thus γ, as well as v
do) but on the details of the q dependence of the poten-
tial (inset of Fig. 1(b)). ρ<th(0) increases with increasing
T . If T is chosen such that the average energy corre-
sponds to the energy quenched into the system, T , and
thus ρ<th(0), increases with gˆ. In contrast, ρ
<
ss(0) is a de-
creasing function of gˆ. Using asymptotic analysis we find
[35] |ρ<ss(ω) − ρ<ss(0)| ∼ |ω|γss for ω → 0− and ω → 0+
(if γss < 1; else ρ
<
ss(ω) − ρ<ss(0) ∼ −ω). In short, ρ<ss(0)
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FIG. 2. (Color online) The momentum resolved spectral func-
tions of the TL model in the ground state, the intermedi-
ate time nonequilibrium steady state following the interac-
tion quench with gˆ = 2, and the thermal equilibrium state
with temperature τ = T/(vqc) ≈ 0.2168 for which the aver-
age energy is equal to the one quenched into the system. The
steady state function shows a characteristic peak at positive
energies for k−kF > 0. For this case thermal curves with two
additional τ are shown for comparison.
is finite and nonuniversal, but the corrections to it show
universal (‘critical’) power-law scaling. This rather un-
usual behavior is very indicative of the intermediate time
nonequilibrium LL steady state.
An even more easily observable hallmark of the
nonequilibrium state is found in ρ<ss(k, ω). The k−kF < 0
spectral functions of Fig. 2(a) are all dominated by a
peak located at ω = v(k − kF). While ρ<gs vanishes for
ω > v(k−kF), ρ<ss carries weight also for these energies. In
fact, a weak second structure is visible at ω = −v(k−kF)
(inset of Fig. 2(a)). Due to the outlined ad hoc proce-
dure the features at ω = ±v(k− kF) are power laws with
exponents given in [35]. We expect that without the ap-
proximation underlying this procedure the spectra look
very similar but are most likely not characterized by al-
gebraic singularities as was discussed for the ground state
in [43]. The dominating peak is broadened in the finite T
canonical ensemble. The most striking difference between
the ground and intermediate time steady state spectra is
found for k − kF > 0 (Fig. 2(b)). In this case ρ<gs only
shows a weak bump around ω = −v(k−kF) and vanishes
for larger energies, while the dominating feature of ρ<ss is
a narrow peak at positive energies ω = v(k− kF); within
the ad hoc procedure it is given by a power law [35]. The
peak is much more narrow than the broad one found in
ρ<th. To further emphasize the differences of ρ
<
ss and ρ
<
th in
Fig. 2(b) we show the latter for two additional T smaller
than the one determined by the quenched energy. To
aquire a physical understanding of the positive energy
peak we first discuss the threshold behavior of ρ<gs. The
ground state corresponds to the α-boson vacuum. For
fixed k − kF > 0 one has to accomodate a momentum
−(k − kF) which can be done by creating α-bosons with
momenta q ∈ R summing up to this value. The lowest
energy state with |ω| = v(k − kF) is the one in which a
single boson with momentum −(k−kF) is created leading
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FIG. 3. (Color online) The momentum integrated spectral
function for the lattice model of spinless fermions with nearest
neighbor interaction U after the inverse quench. (a) ρ<ss(ω) of
the translational invariant model. Inset: |ρ<ss(ω) − ρ<ss(0)| on
a log-log scale indicating the power-law behavior with γgs for
|ω| → 0. The dashed lines are the expected power laws with
K taken from Bethe ansatz [26, 27]. The upper bound over
which the power law manifests depends on U [45] and sgn(ω).
At small |ω| the power law is cut off by t′−1. (b) Spectral
function at the first site ρ<t (1, ω) for open boundaries with
U/J = 1 at different t. Inset: d ln |ρ<ss(1, ω)−ρ<ss(1, 0)|/d ln |ω|,
that is the effective exponent, in the steady state. The dashed
lines indicate the expected exponents
to the threshold. In contrast, the steady and the ther-
mal states already contain α-bosons. It is thus possible
to destroy α-bosons with positive momentum. Since the
single boson state with ω = v(k − kF) carries the largest
weight [27] a peak at this energy emerges. The difference
in the width follows from the different distributions of
α-bosons.
Lattice models and the inverse quench—We next in-
vestigate if the revealed spectral characteristics of the
intermediate time nonequilibrium LL state can also be
found in microscopic models and are thus universal. An-
alytical [22, 23, 25] or semi-analytical [15] approaches to
the (intermediate time) steady state applicable to micro-
scopic models which are not directly linked to free ones
are rare. Thus one frequently resorts to numerics and
results can only be obtained up to a certain time or for
small systems (restricting the time for which the results
are of relevance due to recurrence effects). The compu-
tation of spectral functions would require to perform two
time evolutions up to sizable times to reach the interme-
diate time steady state (intermediate t) and to be able to
perform the Fourier transform with sufficient energy res-
olution (large t′). For a general setup this is currently out
of reach. We thus resort to a particular one, which, how-
ever, shows the spectral characteristics discussed above.
Instead of performing the above quench we consider
the inverse one by starting in the interacting ground
state and time evolving with the noninteracting Hamil-
tonian. Exploiting translational invariance it is straight
forward to show that G<t (x, t
′) of an arbitrary model
does not depend on t and is given by iG<ss(x, t
′) =∑
k e
−i(εkt′+kx)ni(k)/L with the single-particle disper-
sion εk of the given model, the momentum distribu-
tion function in the initial state ni(k), and x being
the position on the line or a discrete lattice site. The
t independence is particular to the one-particle Green
function; other observables and correlation functions de-
pend on t. Fourier transformation leads to ρ<ss(ω) =∑
k ni(k)δ(ω − εk)/L. The complexity of computing
ρ<ss(ω) for the inverse quench is thus comparable to the
one of computing ni(k) in the interacting ground state of
microscopic models from the LL class. The latter was re-
cently achieved with high precision using DMRG [45]. As
ρ<ss(ω) ‘samples’ the equilibrium ni(k) and for any model
from the LL class |1/2 − ni(k)| ∼ |k − kF |γgs [26, 27]
it is evident that the main characteristics of ρ<ss(ω) are
the same as the ones discussed above: a finite weight
at ω = 0 which is approached for ω → 0± following
a power law with interaction dependent exponent (for
γgs < 1; else ρ
<
ss(ω)− ρ<ss(0) ∼ −ω). This similarly holds
for ρ<ss(k, ω) ∼ ni(k)δ(ω − εk) in which a positive fre-
quency peak shows up for k−kF > 0 as ni(k > kF) takes
a nonvanishing value (LL property).
In Fig. 3(a) we show ρ<ss(ω) after the inverse interac-
tion quench for the lattice model of spinless fermions with
nearest neighbor interaction H = −J∑j c†jcj+1 + H.c.+
Unjnj+1, with nj = c
†
jcj − 1/2, at half filling. We did
not use ni(k) but equally efficiently computed ρ
<
ss(ω) by
time-dependent (T)DMRG [31] (in t′ at t = 0 relying on
the t independence) and numerical Fourier transforma-
tion exploiting that the time evolution is a free one [35].
This allows us to reach times t′J = O(103) much larger
than usual in TDMRG.
We finally study the inverse quench for our lattice
model assuming open boundaries. Then G<t (j|j′, t′)
depends on t (as well as on j and j′ and not only
j − j′). Exploiting again that the time evolution is
a free one using TDMRG we can compute G<t (j|j, t′)
at finite t for t′ so large that Fourier transformation
is meaningful. For t → ∞ the steady state local
spectral function ρ<ss(j, ω) can be accessed computing
the average of c†j(0)cj(t
′) with the GGE density ma-
trix ρ˜GGE = exp (−
∑
k λ˜kc
†
kck)/Z˜GGE and the Lagrange
multipliers λ˜k fixed such that 〈gs|nk |gs〉 = 〈nk〉ρ˜GGE
with nk = c
†
kck and ck =
√
2/(L+ 1)
∑
j sin(kj)cj . For
the time evolution with an interaction free Hamiltonian
this was shown explicitly in Ref. [21]. This leads to
ρ<ss(j, ω) = 2
∑
k sin
2(kj)ni(k)δ(ω− εk)/(L+ 1), with the
initial ‘pseudo-momentum’ distribution function ni(k) =
〈gs|nk |gs〉. The latter can be computed using DMRG
[35]. From ‘open boundary’ bosonization of the TLM
[26, 27] we expect |1/2−ni(k)| ∼ |k−kF |γgs (for γgs < 1;
else 1/2 − ni(k) ∼ k − kF ) which implies that ρ<ss(j, ω)
shows the same spectral features as ρ<ss(ω) of the trans-
lational invariant case. This is confirmed in Fig. 3(b) in
which the evolution of ρ<t (j = 1, ω) towards ρ
<
ss(j = 1, ω)
is shown. We note that only ρ<ss, not ρ
<
t at finite t, can
5be measured in ‘continuous beam’ photoemission spec-
troscopy [46]; ρ<t is merely an auxiliary quantity.
In summary, we revealed spectral features which are
unique to the intermediate time nonequilibrium LL
steady state reached after a global interaction quench.
They can be used to identify this state in quenched cold
Fermi gases in future radio-frequency spectroscopy.
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I. EXACT ANALYTICAL EXPRESSIONS FOR THE LESSER GREEN FUNCTION
We here present the analytical expressions for the lesser Green function G<t (x, t
′) of the TLM A. in the ground
state, B. after the global quench of the two-particle interaction from zero to g(q), and C. in the equilibrium canonical
ensemble at temperature T . They are obtained by standard bosonization of the field operator [1,2]. As outlined in
the main text when computing n(k) and ρ<(ω) we do not rely on the commonly used approximate ad hoc procedure
which allows to analytically evaluate the remaining momentum integral in G<t (x, t
′) [3].
A. Ground state
The t independent lesser Green function can be expressed in terms of the noninteracting one G<0 (x, t
′) and an
interaction dependent function F (x, t′) as
iG<t (x, t
′) = iG<0 (x, t
′)eF (x,t
′). (1)
The former is given by
iG<0 (x, t
′) = − i
2pi
eikFx
x− vFt′ − iη , (2)
where we have already taken the thermodynamic limit and η must be sent to 0+. The interaction enters via
Fgs(x, t
′) =
∫ ∞
0
dq
q
{
e−i[qx−ω(q)t
′] − e−i[qx−vFqt′] + 2s2(q)
[
cos(qx)eiω(q)t
′ − 1
]}
, (3)
with ω(q) and s2(q) as given in the main text. We note that the q integral is cut off in the ultraviolet by the range of
the two-particle potential in momentum space qc. This can explicitly be seen in the third term proportional to s
2(q)
as the latter approaches zero on the scale qc. It is less obvious for the first two terms, which, however, cancel each
other for q/qc  1 as ω(q) → vFq in this limit. Thus no further regularization is required. The same holds for the
cases B. and C. discussed below.
Setting t′ = 0 and Fourier transforming leads to[
ngs(k)− 1
2
]
sgn(kF − k) =
∫ ∞
−∞
dx
2pi
sin(|k − kF|x)
x
eFgs(x,0). (4)
The remaining two nested integrals can easily be performed numerically. Furthermore, this expression forms the basis
to prove [ngs(k) − 12 ] sgn(kF − k) ∼ |k − kF|γgs for γgs < 1 and ngs(k) − 12 ∼ kF − k for γgs > 1 using asymptotic
analysis. For γgs = 1 one finds a logarithmic corrections to the linear term [3].
As mentioned in the main text Fgs(0, t
′) and thus G<t (0, t
′) is analytical in the upper half of the complex t′ plane.
This implies ρ<gs ∼ Θ(−ω). More specifically we find
2pivFρ
<
gs(ω) = Θ(−ω)
{
1
2
− 1
2pi
∫ ∞
−∞
P dt
′
t′
Im
[
eiωt
′
eFgs(0.t
′)
]}
(5)
Again the two remaining nested integrals can be performed numerically and Eq. (5) is the basis to prove ρ<gs(ω) ∼
(−ω)γgs (for all γgs) using asymptotic analysis.
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2B. Quench dynamics and steady state
We next give the t dependent lesser Green after the interaction quench. It can also be written as the product
Eq. (1) with the noninteracting Green function Eq. (2) and
Ft(x, t
′) =
∫ ∞
0
dq
q
{−4s2(q)c2(q) + 2c2(q)s2(q) [cos(2ω(q)t) + cos(2ω(q)[t+ t′])]
+e−iqx
[
c4(q)eiω(q)t
′ − eivFqt′ + s4(q)e−iω(q)t′ − 2c2(q)s2(q) cos(ω(q)[2t+ t′])
]
+2eiqxc2(q)s2(q) [cos(ω(q)t′)− cos(ω(q)[2t+ t′])]} , (6)
with c2(q) = 1 + s2(q). For large times t after the quench all oscillatory terms containing t drop out when performing
the q integral and we obtain
Fss(x, t
′) =
∫ ∞
0
dq
q
{
−4s2(q)c2(q) + e−iqx
[
c4(q)eiω(q)t
′ − eivFqt′ + s4(q)e−iω(q)t′
]
+ 2eiqxc2(q)s2(q) cos[ω(q)t′]
}
. (7)
As mentioned in the main text this expression can directly be derived using a GGE [4]. To achieve this one takes
the expectation value
〈
ψ†(0, 0)ψ(x, t′)
〉
ρGGE
with the GGE density matrix ρGGE = exp (−
∑
n 6=0 λnα
†
nαn)/ZGGE.
The Lagrange multipliers λn are fixed such that 〈gs0|Nn |gs0〉 = 〈Nn〉ρGGE for the conserved eigenmode occupancies
Nn = α
†
nαn which leads to s
2(qn) =
[
eλn − 1]−1. Finally, one has to take L→∞. In contrast to Fgs(0, t′), Fss(0, t′)
is not analytical in the upper half of the complex t′ plane and ρ<ss(ω) has finite weight for all ω.
Based on Eqs. (1) and (7) nss(k) and ρss(ω) can be brought in forms similar to Eqs. (4) and (5), respectively, with
Fgs replaced by Fss. In each case the remaining two nested integrals can be performed numerically. Furthermore, the
respective expressions are the basis to prove [nss(k) − 12 ] sgn(kF − k) ∼ |k − kF|γss (γss < 1; for the case γss ≥ 1 the
same as for ngs(k) holds) as well as |ρ<ss(ω)− ρ<ss(0)| ∼ |ω|γss for γss < 1 and ρ<ss(ω)− ρ<ss(0) ∼ −ω for γss > 1.
C. Canonical ensemble
Also the t independent equilibrium lesser Green function in the thermal canonical ensemble can be written in the
form Eq. (1). This time the noninteracting Green function is given by
iG<0 (x, t
′) = − i
2pi
eikFx
piT/vF
sinh [(x− vFt′ − iη)piT/vF] (8)
and the interaction dependent part by
Fth(x, t
′) =
∫ ∞
0
dq
q
{
e−i[qx−ω(q)t
′] − e−i[qx−vFqt′] − 2b(ω(q)/T ) (1− cos[qx− ω(q)t′]) + 2b(vFq/T ) (1− cos[qx− vFqt′])
+2s2(q)
[
cos(qx)
(
eiω(q)t
′
[1 + b(ω(q)/T )] + e−iω(q)t
′
b(ω(q)/T )
)
− (1 + 2b(ω(q)/T ))
]}
(9)
with b(x) = (ex − 1)−1. For T > 0, Fth(0, t′) is no longer analytical in the upper half of the complex t′ plane. Thus
ρ<th(ω) has nonvanishing weight also for ω > 0. The nested Fourier and momentum integrals leading to nth(k) and
ρ<th(ω) can be performed numerically. In the respective Fourier integrals we take ηqc = 10
−3. This weakly affects the
momentum distribution function and momentum integrated spectral function at large |k − kF| and |ω|, respectively.
However, for the arguments shown in the figures of the main text further reducing η does not change the graphs on
the respective scales. In [5] it is discussed how the limiting behavior of ρ<th(ω) at |ω|/(vFqc), T/(vFqc) 1 mentioned
in the main text can be obtained.
II. THE AD HOC PROCEDURE
To avoid the numerical evaluation of three nested integrals when computing ρ<(k, ω) we resort to an often used ad
hoc procedure which results in approximate but integral-free expressions of the three G<t (x, t
′) of interest (see [3] for
the ground state). The consequences of the underlying approximations for the momentum resolved spectral function
are mentioned in the main text. The procedure consists of several steps. In a first one starting from Eq. (1) the
3noninteracting Green function is rewritten as a momentum integral or, at finite length L, as a momentum sum. We
here consider the general finite T case, from which the ground state one relevant for the ground state Green function
as well as the one after the quench, can easily be obtained by taking T → 0. Written as a sum G<0 (x, t′) reads
iG<0 (x, t
′) =
eikFx
L
exp
{ ∞∑
n=1
1
n
[
eivFqnt
′ − 2b(vFqn/T ) (1− cos [vFqnt′])
]}
. (10)
The terms appearing in the argument of the exponential function cancel corresponding ones in the expressions for the
three F ’s if those are written for finite L, that is as sums. Next in the respective F one linearizes ω(q) = vq, with
v = vF
√
1 + gˆ(0), for all q which constitutes the main approximation inherent to the ad hoc procedure. Now terms
similar to the ones on the right-hand-side of Eq. (10) appear, but with vF replaced by v. For those the momentum
sums are performed in the same way which leads from Eq. (10) to Eq. (8). Finally, in the remaining q sum appearing
in the different F ’s one replaces s2(q) by s2(0) exp(−|q/qc|)—as well as c2(q) by 1 + s2(0) exp(−|q/qc|) in the steady
state—and this way regularizes the sum in the ultraviolet ‘by hand’. All momentum sums can then be performed
analytically. After this procedure vF completely dropped out which explains why in Fig. 2 of the main text v instead
of vF appear in the scales of both the x as well as y axis.
In the thermodynamic limit the closed approximate expressions for the Green functions obtained along the given
line read
iGgs(x, t
′) ≈ − i
2pi
eikFx
x− vt′ − iη
[
r2
(x− vt′ − ir)(x+ vt′ + ir)
]s2(0)
, (11)
with r = q−1c , for the ground state [3],
iGss(x, t
′) ≈ − i
2pi
eikFx
x− vt′ − iη
[
r
x− vt′ − ir
]2s2(0) [
r2
(x− vt′ + ir)(x+ vt′ + ir)
]s2(0)
×
[
(2r)4
(x+ vt′ − i2r)(x− vt′ + i2r)(x− vt′ − i2r)(x+ vt′ + i2r)
]s4(0)
. (12)
for the steady state after the interaction quench, and
iG<th(x, t
′) ≈ − i
2pi
eikFx
piT/v
sinh [(x− vt′ − iη)piT/v]
[
r2
(x− vt′ − ir)(x+ vt′ + ir)
]s2(0)
×
[
Γ(a+ iu+)Γ(a− iu+)Γ(a+ iu−)Γ(a− iu−)
Γ4(a)
]s2(0)
, (13)
with a = 1 + T/(vqc), u± = T (x± vt′)/v, and the Gamma function Γ, for the finite T equilibrium Green function [5].
In the computation of
ρ<(k, ω) =
1
2pi
∫ ∞
−∞
dx
∫ ∞
−∞
dt′e−i(kx−ωt
′)iG<(x, t′) (14)
based on the approximate G<(x, t′) we substitute z± = x ± vt. This way the two nested Fourier integrals factorize
in all three cases. For G<gs(x, t
′) this results in a closed analytical expression for the momentum resolved spectral
function which involves the confluent hypergeometric function; for details see [6]. In the other cases the integrals
can be performed numerically again setting ηqc = 10
−3 (with minor effect on the spectra shown in the figures
of the main text). The factorized form also constitutes the basis to show that in the ground state for k < kF,
ρ<gs(k, ω ≈ v[k − kF]) ∼ Θ(−ω + v[k − kF])(−ω + v[k − kF])γgs/2−1 and for k > kF, ρ<gs(k, ω ≈ −v[k − kF]) ∼
Θ(−ω − v[k − kF])(−ω − v[k − kF])γgs/2 using asymptotic analysis. Here γgs = 2s2(0) = (K + K−1 − 2)/2, with
the LL parameter K−1 =
√
1 + gˆ(0). Similar power laws, but without the corresponding Θ-functions, are found in
the steady state. They read ρ<ss(k, ω ≈ v[k − kF]) ∼ | − ω + v[k − kF]|s
2(0)+2s4(0)−1 (for s2(0) + 2s4(0) < 1) and
|ρ<ss(k, ω ≈ −v[k − kF]) − ρ<ss(k, ω = −v[k − kF])| ∼ | − ω − v[k − kF]|3s
2(0)+2s4(0) (for 3s2(0) + 2s4(0) < 1). Using
the above relation between s2(0) and K these exponents can be written in terms of γss = (K
2 +K−2 − 2)/4, which,
however, is not very instructive.
4III. DMRG FOR THE LATTICE MODEL
We use DMRG [7] to compute ρ<t (j, ω) for the lattice model described by
H = −J
∑
j
c†jcj+1 + H.c.+ Unjnj+1, (15)
with nj = c
†
jcj − 1/2. ρ<t (j, ω) is the Fourier transform with respect to t′ of the correlator
G<t (j, t
′) = 〈ψ(t)| c†jeiHt
′
cje
−iHt′ |ψ(t)〉 , |ψ(t)〉 = e−iHt |ψ(0)〉 , (16)
which can be implemented straightforwardly by first propagating |ψ(0)〉 to |ψ(t)〉 and then calculating the overlap of
e−iHt
′
c†j |ψ(t)〉 and cje−iHt
′ |ψ(t)〉.
However, for a general global quench the bond dimension of the DMRG procedure determining the numerical effort
grows exponentially in time. This severly restricts the times reachable which in turn results in a low energy resolution
after Fourier transforming. We are partly interested in the power-law behavior found in the spectral function for
small frequencies. We thus do not want to use tools like linear prediction, which allows to extrapolate data to larger
times thus implying improved energy resolution which, however, is only partly controlled [8]. Therefore, we focus on
the quench protocol in which the ground state |gs〉 with respect to the full Hamiltonian Eq. (15) is prepared and
than the interaction U is suddenly switched off. We now change perspective and propagate the operators c†j and cj
(calculating eiHtc†je
iHt′cje
−iH(t′+t)) instead of the wave function’s matrix product state (MPS). It was shown, that
the time evolution with the free Hamiltonian can be done exactly with finite bond dimension equal to four [9,10].
The numerical effort to perform the time evolution reduces from exponential to linear growth in time and times
Jt ∼ O(103) become easily accessible.
For Fig. 3(a) of the main text showing results for the translational invariant model we used this approach
to calculate the correlator Eq. (16) at t = 0, where the MPS was prepared by an infinite DMRG ground
state search [11]. After drawing a random MPS an imaginary time evolution with decreasing trotter step size
(∆τ ∈ {0.2, 0.02, 0.002, 0.0002, 0.00002, 0.000002}) was performed until for each of these step sizes the energy was
converged to the first 10 significant digits. For our problem a bond dimension χ = 200 was found to be sufficient
to achieve converged results. For the matrix product operator (MPO) [12] of c
(†)
j , which we propagate in time, we
set the length of the operator 1⊗ 1⊗ . . . c(†)j · · · ⊗ 1 to 500 lattice sites and abort the propagation in time before the
effects of the finite length are visible. As we can time evolve the operator with bond dimension χ = 4 no truncation
is needed. With this, our approach is free of any finite size effects.
Analogously, but with a finite system of L = 2000 lattice sites and open boundaries we computed the curves for
finite t shown Fig. 4(b). Here, instead of the infinite DMRG procedure, we employed an iterative ground state search
[7] with 20 sweeps in each direction. We compared different discarded weights  ∈ {10−6, 10−7, 10−8} to monitor
convergence.
In the model with open boundaries the limit t→∞ can be addressed explicitly by calculating ni(k) of the interacting
ground state [13,14] and using
ρ(j, ω) =
2
L+ 1
L∑
n=1
sin2(knj)ni(kn)δ(ω − kn) L→∞−→
2
pi
1
|2 sin(k∗(ω))|Wj(k
∗(ω)), (17)
k∗(ω) = arcos(−ω/2), (18)
Wj(k) = sin
2(kj)ni(k), (19)
ni(kn) =
2
L+ 1
L∑
j,j′=1
sin(knj) sin(knj
′) 〈gs| c†jcj′ |gs〉 (20)
kn =
pi
L+ 1
n, n = 1, 2, . . . , L. (21)
More specifically we computed the matrix elements 〈gs| c†jcj′ |gs〉 by DMRG again considering L = 2000 lattice sites
and the same numerical parameters as for the finite t data. The steady state curves of Fig. 4(b) then follow from this
and the above equations (ω evaluated at k∗ = kn).
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